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ABSTRACT: In [1] the authors introduced the Type II Topp–Leone (transmuted)

inverted Kumaraswamy (TIITLIK) distribution defined by combining the type II

Topp–Leone–G family and the transmuted inverted Kumaraswamy distribution with

c.d.f

F (t) = 1−

(

1−
(

1− (1 + t)−a
)2b

(

1 + λ− λ
(

1− (1 + t)−a
)b
)2

)α

where α, a, b ∈ R+ and λ ∈ [−1, 1].

Also of interest to the specialists is the task of approximating the Heaviside func-

tion ht0(t) where t0 is the median with the new cumulative function in the Hausdorff

sense [2].

The estimates of the value of the one–sided Hausdorff approximation obtained in

this article can be used in practice as one possible additional criterion in ”saturation”

study.

We give example with real dataset: ”data Witty World” [3] and ”cancer data”

[4]–[5].

Numerical examples are presented using CAS MATHEMATICA.
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1. INTRODUCTION

Definition 1. In [1] the authors consider the Type II Topp–Leone (transmuted) in-

verted Kumaraswamy (TIITLIK) distribution defined by combining the type II Topp–

Leone–G family and the transmuted inverted Kumaraswamy distribution.

The corresponding cumulative distribution function is written as [1]:

M(t) = 1−

(

1−
(

1− (1 + t)−a
)2b

(

1 + λ− λ
(

1− (1 + t)−a
)b
)2

)α

, (1)

where α, a, b ∈ R+, t > 0 and λ ∈ [−1, 1].

Definition 2. The shifted Heaviside step function is defined by

ht0(t) =























0, if t < t0,

[0, 1], if t = t0,

1, if t > t0

(2)

Definition 3. [2] The Hausdorff distance (the H–distance) ρ(f, g) between two

interval functions f, g on Ω ⊆ R, is the distance between their completed graphs F (f)

and F (g) considered as closed subsets of Ω× R. More precisely,

ρ(f, g) = max{ sup
A∈F (f)

inf
B∈F (g)

||A−B||, sup
B∈F (g)

inf
A∈F (f)

||A−B||},

wherein ||.|| is any norm in R
2, e. g. the maximum norm ||(t, x)|| = max{|t|, |x|};

hence the distance between the points A = (tA, xA), B = (tB, xB) in R
2 is ||A−B|| =

max(|tA − tB|, |xA − xB|).

For other results, see [6]–[16].
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Figure 1: The function Q(u) for a = 13.1, b = 0.7, α = 0.8, λ = 0.9.

2. MAIN RESULTS

2.1. ”SATURATION” BY THE MODEL (1)

In this Section we study the Hausdorff approximation [2] of the Heaviside step function

ht0(t) where t0 is the ”median” by families of the type (1).

The investigation of the characteristic ”supersaturation” of the cdf (1) to the

horizontal asymptote is important.

The quantile function is defined by [1]:

Q(u) =















1−













1 + λ−

√

1 + 2

(

1− 2

√

1− (1− u)
1

α

)

λ+ λ2

2λ













1

b















−
1

a

− 1 (3)

(see, Fig. 1 for a = 13.1, b = 0.7, α = 0.8, λ = 0.9).

The median is obtained by substituting u = 0.5 in (3).

Let t0 is the value for which F1(t0) =
1
2 , i.e. t0 = Q(0.5) .

The Hausdorff distance d between the function ht0(t) and M(t) satisfies the rela-

tion

M(t0 + d) = 1− d. (4)
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Figure 2: The model (1) for a = 11.1, b = 0.3, α = 0.4, λ = 0.6, t0 =

0.0667413; H–distance d = 0.20121.

For fixed a = 11.1, b = 0.3, α = 0.4, λ = 0.6 we find t0 = 0.0667413 and from the

nonlinear equation (4) we have d = 0.20121 (see, Fig. 2).

For fixed a = 13.1, b = 0.7, α = 0.8, λ = 0.9 we find t0 = 0.041368 and from the

nonlinear equation (4) we have d = 0.0986378 (see, Fig. 3).

From the graphics it can be seen that the ”saturation” is faster.

Obviously, the investigations on the ”supersaturation” gives the opportunity to

the researcher for choice of appropriate model when approximating cumulative specific

data in areas of Biostatistics, Population dynamics, Growth theory, Debugging and

Test theory, Computer viruses propagation, Financial and Insurance mathematics.

2.2. APPLICATIONS

Example 1. Analysis of Witty worm infection behavior [3].

Here we will give an application of the model M(t) when provide analysis of this

real ”data” [3].
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Figure 3: The model (1) for a = 13.1, b = 0.7, α = 0.8, λ = 0.9, t0 =

0.041368; H–distance d = 0.0986378.

data Witty World =

{{0.1, 150}, {5, 869}, {10, 2141}, {15, 3637}, {20, 5312},

{26, 6602}, {31, 7562}, {36, 8340}, {41, 8941}, {46, 9389}, {51, 9734},

{56, 10060}, {61, 10349}, {66, 10586}, {71, 10800}, {76, 11169},

{86, 11362}, {91, 11532}, {96, 11684}, {101, 11823}, {106, 11972},

{111, 12118}, {116, 12256}, {121, 12372}}

For entire World spreading parameters are (see Fig. 4)

α = 0.507458; a = 1.7; b = 58;λ = 0.5;ω = 13400.

where M∗(t) = ωM(t).

Example 2. We will illustrate the advances of the new family for approximation and

modelling of ”cancer data” (for some details see, [4]–[5]).

days 4 7 10 12 14 17 19 21

R(t) 0.415 0.794 1.001 1.102 1.192 1.22 1.241 1.3

Table 1: The ”cancer data” [4]–[5]
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Figure 4: The model M∗.

Figure 5: The model M∗(t) based on the ”cancer data”.

The model M∗(t) = ωM(t) based on the data from Table 1 for the estimated

parameters:

ω = 1.3; a = 2.55; b = 50; α = 0.815341; λ = 0.4

is plotted on Fig. 5.

In addition, the experiments must be performed with very high accuracy.

Obviously, the model M(t) can also be used for approximating of some ”specific

data”.

For some approximation, computational and modelling aspects, see [17]–[31].
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