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ABSTRACT: In the present paper we introduce and study some vector
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Orlicz functions with real n-normed space as base space. We make an effort
to study some topological and algebraic properties of these spaces. We also
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is n-Banach space and investigate some inclusion relations between the spaces.
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1. INTRODUCTION AND PRELIMINARIES

The studies on vector valued sequence spaces are done by Rath and Srivas-
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tava [25], Das and Choudhary [3], Tripathy and Sen [28], Et et al. [5] and
many others. The scope for the studies on sequence spaces was extended on
introducing the notion of associated multiplier sequences. Goes and Goes [10]
defined the differentiated sequence space dE and integrated sequence space
[ E for a given sequence space E with the help of multiplier sequences (k1)
and (k), respectively. The studies on the multiplier sequence spaces are done
by Colak [1] and many others. Recently, Kérus [14] studied some recent re-
sults concerning A2-strong convergence numerical sequences. He gave a new
appropriate definition for the A2-strong convergence. Moreover, Kérus [15]
generalized the results on the L!-convergence of Fourier series. In [16], he also
studied the uniform convergence of mearurable functions by extended results
of Méricz [19] and gave examples for appropriate functions.

Let w be the set of all sequences of real or complex numbers and /., ¢ and
¢p be the linear spaces of bounded, convergent and null sequences x = (zy)
with complex terms, respectively, normed by ||z||oc = supy, |zx|, where k € N,
the set of positive integers.

Let ¢1 and g2 be seminorms on a vector space X. Then ¢; is said to
be stronger than g if whenever (zj) is a sequence such that q(zx) — 0,
then go(xr) — 0 also. If each is stronger than the others ¢; and g9 are said
to be equivalent (see [29]). Throughout the paper w(X), ¢(X), ¢o(X) and
loo(X) will represent the spaces of all, convergent, null and bounded X valued
sequence spaces. For X = C, the field of complex numbers, these represent the
corresponding scalar valued sequence spaces. The zero sequence is denoted by
0 = (0,0,---,0), where 6 is the zero element of X.

The notion of difference sequence spaces was introduced by Kizmaz [13],
who studied the difference sequence spaces I (A), ¢(A) and ¢g(A). The notion
was further generalized by Et and Colak [6] by introducing the spaces I (A™),
c¢(A™) and co(A™). Recently, Dutta [4] introduced and studied the following
difference sequence spaces:

Let n, m be non-negative integers, then for Z = [, ¢ and ¢y, we have

sequence spaces,
Z(AGy) =A{z = (zk) € w: (AL, zk) € Z1,

where A"

()™ = (A?m)xk) = (A?n;)lxk — A?n;)lxk_m) and A(()m):ck = 1}, for all
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k € N which is equivalent to the following binomial representation

n
A?m)xk = Z(—l)” < " > Th—mo-
v=0 v
Taking m = n = 1, we get the spaces loo(A), ¢(A) and ¢y(A) introduced and
studied by Kizmaz [13].

An Orlicz function M is a function, which is continuous, non-decreasing
and convex with M (0) =0, M(x) > 0 for x > 0 and M (x) — o0 as © —> oc.

Lindenstrauss and Tzafriri [17] used the idea of Orlicz function to define

the following sequence space,
o g (]
BM:{x:(xk)Ew: E M(—k) < 00, forsomep>0}
p
k=1

which is called as an Orlicz sequence space. The space £;; is a Banach space

|| = inf{p >0 gM(%) < 1}.

A sequence M = (M},) of Orlicz functions is called a Musielak-Orlicz func-
tion. A Musielak-Orlicz function M = (M},) is said to satisfy Ag-condition if

there exist constants a, K > 0 and a sequence ¢ = (¢)72, € [} (the positive

with the norm

cone of [1) such that the inequality
My, (2u) < KMy (u) + cx

hold for all ¥ € N and u € RT, whenever My(u) < a. For more details about
sequence spaces (see [20], [22], [23], [24]) and references therein.

Let X and Y be two sequence spaces and A = (a,x) be an infinite matrix
of real or complex numbers a,j, where n, k € N. Then we say that A defines
a matrix mapping from X into Y if for every sequence z = (zj) € X, the

sequence Az = {A,,(z)} and the A-transform of z is in Y, where

An(z) =) amear (n €N). (1.1)
k
By (X,Y), we denote the class of all matrices A such that A: X — Y. Thus,
A € (X,Y) if and only if the series on the right-hand side of (1.1) converges
for each n € N and every x € X and we have Az € Y for all x € X.
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For a sequence space X , the matrix domain X 4 of an infinite matrix A is
defined by
Xa={x= () ew: Az € X} (1.2)

The approach constructing a new sequence space by means of the matrix
domain of a particular limitation method has been employed by several authors
[26].

The concept of 2-normed spaces was initially developed by Géhler [9] in the
mid of 1960’s, while that of n-normed spaces one can see in Misiak [18]. Since
then many others have studied this concept and obtained various results (see
[11]). Let n € N and X be a linear space over the field R of reals of dimension
d, where d > n > 2. A real valued function ||-,--- ,-|| on X" satisfying the

following four conditions:

1. ||x1, 22, ,x,|| = 0 if and only if z1, 2z, - ,x, are linearly dependent
in X,
2. ||x1, g, -+ , x| is invariant under permutation,
3. |laxy, ma, - xp|| = |a| ||z1, 22, -+, xy|| for any a € R, and
4. |lx+ 2 2o, x| < lx,xe, - x|l + |2, 22, 2]
is called an n-norm on X and the pair (X, ||-,--- ,-||) called a n-normed space

over the field R.

Example 1.1. We may take X = R”" being equipped with the n-norm

||z1, 22, ,2n||g = the volume of the n-dimensional parallelopiped spanned
by the vectors x1,xo, -+ ,x, which may be given explicitly by the formula
|z, 2, 2allB = [det(zij)],
where x; = (21, Ti2, -+, Tin) € R" for each i = 1,2,--- ,n. Let (X, ||, ,-|])
be an n-normed space of dimension d > n > 2 and {a1,as, - ,a,} be linearly
independent set in X. Then the function [|-,--- ,-||sc on X! defined by
||$1,.’E2,’ o ,.’En,1||oo — max{||:c1,:c2, o 7:Cn717a’i|| D= ]-72)' o )n}

defines an (n — 1)-norm on X with respect to {ay, a9, - ,an}.
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A sequence (zy) in a n-normed space (X, ||, -+ ,||) is said to converge to
some L € X if

lim ||xp — L, 21, -+ ,2p—1]| =0 for every z1, -+ ,2,-1 € X.
k—o0
A sequence (xy) in a n-normed space (X, ||-,--- ,-||) is said to be Cauchy
if
lim ||z —2p, 21, -, 2n—1|| =0 for every z,---,2,-1 € X.
k,p—o0

If every Cauchy sequence in X converges to some L € X, then X is said to be
complete with respect to the n-norm. Any complete n-normed space is said
to be n-Banach space.

Let X be a linear metric space. A function p : X — R is called paranorm,
if

1. p(x) >0, for all x € X;
2. p(—z) = p(z), for all x € X
3. p(z +y) < p(x) +ply), for all 2,y € X;

4. if (o,,) is a sequence of scalars with o, — 0 as n — oo and (z,) is a
sequence of vectors with p(x,, —x) — 0 as n — oo, then p(opz, —ox) —

0asn — oo.

A paranorm p for which p(x) = 0 implies = 0 is called total paranorm and
the pair (X, p) is called a total paranormed space. It is well known that the
metric of any linear metric space is given by some total paranorm (see [29],
Theorem 10.4.2, P-183).

A sequence space F is said to be solid (or normal) if (o) € E', whenever
() € E and for all sequence (ay) of scalars such that (o) <1 for all k£ € N.

A sequence space E is said to be symmetric if (x,,) € E implies (z.(,)) € E,
where m(n) is a permutation of elements of N.

A sequence space E is said to be sequence algebra if xy € E whenever

z,y € E.

Lemma 1.2. [12] A sequence space E is solid implies E is monotone.
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Let M = (My) be a sequence of Orlicz functions, p = (pr) be a bounded
sequence of positive real numbers and u = (uy) be a sequence of positive reals
such that uy # 0 for all k£, X be a seminormed space over the field C of complex
numbers with the seminorm gy, for each & € N, A = (a,;) be an infinite matrix
and (X, |[|-,---,-||) is an n—normed space. Let A = (\,,) be a non-decreasing
sequence of positive numbers such that A,41 < A, +1, Ay =1, A\, = 00 as
n — oo and I, = [n — A\, + 1,n]. Then for every 21, -+ ,2,-1 € X, we define

the following sequence spaces in the present paper:

wg (M, A, AL, Q, u, p,H ol =
Uk;A Pk

{x - (x ) Z ankMk [%(H (m ) Zla"'vzn—1H>] —0
" kel, p

as n — oo, for some p > 0},

WM, A, ALy @y p, ||y s ) =
up AL \TE — L Pk
I S A= |

k‘EIn P

as n — 0o, forsomep>0andL€X},

Woe (M, A, ATy Qo p, [y []) =

{w — (a1) € w(X) ssup - Y auy [% ("Mllmp

O kel

< 00, for some p > 0}.

If we take M(x) = x, we get

Wy (A, ALy, Qs p ||y s ) =

{{L‘ = (zx) € Z Gk [qk <HUkA,(Om)$k 21, ...,zn_1H>]pk —0

" kel,
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as n — oo, for some p > 0},

w’\(A, A”m LQ,u,py ||y ) =
uk.A"m T — L P
{xZ(:c ) € Zank [%(H#,Zh---,znl‘ol =0
" kel, P
as n — 0o, forsomep>0andL€X},
wg\o(A, A?m),Q,u,p, ..oy . l]) =
ukA"m Tk Pr
{i= 0 €0 s 3 oo |25 )|
keln

for some p > 0}.

If we take p = (pr) = 1 for all k € N, we have

wo (M, A, AL, Qyu, H -l
ukA m T

{:):— (w1) € Z i My [qk(H (m) zlzn_l(D] 0
" kel p

as n — oo, for some p > 0},

w(M, A, A?m),Q,u, (=
uk.A"m T — L
{xZ(xk:) € w(X) : Zanksz [%(H#,Zh---,znﬂ‘)] —0

" kel p

as n — 0o, forsomep>0andL€X},

wae (M, A AL, Qo [y ) =
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uR AL\ Tk
{x = (x) € w(X sup Z i My, [qk <H (p ) 21, ...,zn_1H>] < 00,

" kel,

for some p > 0}.

If we take M(z) =x and u =e = (1,1,1,--- ,1) then these spaces reduces to

wo (A, Al Qs [y s ) =
A Pk
{x = (z1) € w(X) : )\— Z Ank [qk<H%{%,zl,...,zn1H>] —0
" kel,

as n — oo, for some p > 0},

w’\(A,A” LQ,u,py |y ) =

{:c = (zp) € Z Qi My, [qk(H 21, ...,zn1H>]pk =0
" kel,

as n — 0o, forsomep>0andL€X},

w) (A, Al @, u,p, [ ) =
Pk
{90 = (z) € w( Sup Z g My, [%( --,Zn1H>]
" kel,

< 00, for some p > 0}.

Throughout the paper, we shall use the following inequality. If 0 < p; <
suppr = H, K = max(1,2771), then

‘ak—l-bk’pk < K{’ak’pk—i-‘bk’pk} (1.3)

for all k and ag, b, € C. Also, |a|P* < max(1, |a|f), for all a € C.
The main purpose of this paper is to introduce vector-valued sequence
spaces by using infinite matrix, seminorm and a sequence of Orlicz functions.

We show that these spaces are complete paranormed spaces when the base



INFINITE MATRIX AND SEMINORM 171

space is n-Banach space and investigate these spaces for solidity, symmetricity,
monotonicity and sequence algebras. We also make an effort to obtain some
relation between these spaces as well as prove some inclusion results. Finally,

we study statistical convergence of these spaces.

2. MAIN RESULTS

Theorem 2.1. Let M = (My) be a sequence of Orlicz functions, p = (pg)
be a bounded sequence of strictly positive real numbers and u = (uy) be a se-
quence of strictly positive real numbers, then the spaces w MM, A, A ,Q, u, P,
Iy ooy D)y wNM, A, Al Qs u, Dyl ey ) and  wE(M, A, A ,Q,u D,

I, ..., .||) are linear spaces over the real ﬁeld R.

Proof. Let x = (x1), y = (yr) € w)(M, A, A?m),Q,u,p, .y ..y .]]) and o, B €

R. Then there exist positive real numbers p; and ps such that
up A" 1) Pk
ZankMk Qi Hi,zh...,zn_lu —0asn — o0
)\ P1
kel,
and
UkA?m)yk P
— ZankMk Qi Hi,zl,...,zn_lu — 0as n — oo.
" kel, P2

Let p3 = max(2|alp1, 2|5|p2). Since M}, is non-decreasing and convex by using

inequality (1.3), we have

o 2 et | R )]

P3

1 1 we AL "
I S R I e
< )\nk;%ank k[qk< A
1 1 up AL, Vi "
+K)\_n Z %ank‘Mk‘ [qk(H%wzh"wZﬂ,lH)]
kel
up AT g, Pr
<K > aniMj, [% <H%,Zh "'7Zn—1H>]

" Leln !
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3 et 5, H)]

k‘EIn P

— 0 as n — oo.

Thus, ax + By € w)(M, A, A(m),Q,u,p,H.,...,.H). Hence, w} (M, A, A” ,Q,
u,p, |, .]|) is a linear space. Similarly, we can prove w*(M, A, Al @
U, P, ||y ooy -||) and wd (M, A, A ,Q,u D, |l .., .]|) are linear spaces over the
real field R O

Theorem 2.2. Let M = (My,) be a sequence of Orlicz functions, p = (px) be
a bounded sequence of strictly positive real numbers and u = (uy) be a sequence
of strictly positive real numbers. Then w)(M, A, A?m),Q,u,p, Iy ooy .]]) is a

paranormed space with the paranorm

@) =3 alon +mf{ s
=1
n Pk =
1 uR AL\ Tk H
Sup | +— Z ank My, | Qi H#,Zl,"' 7Zn—1H <1
n>1 An
- kel P

for some p >0 },

where H = max(1,supy, px) < oo.

Proof. (i) Clearly, g(z) > 0, for z = (z1) € w)(M, A, Al Qs u,p, Iy ees - 1D)-
Since M () = 0, we get g(6) = 0.

(i) g(—z) = g(),
(#31) Let x = (z),y = (yx) € W) (M, A, A?m),Q,u,p, I|., ..y .]]) then, there
exist p1, p2 > 0 such that

ukZXﬁn T P
sup Z a’?’LkIMkI dk H#?Zl?"’ 7Zn71H S 1
n N els P1

sup< zankMk[qu\“’prw H)])Sl
" kely

and
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Let p = p1 + p2, then by Minkowski’s inequality, we have

sup < > ank M [(Jk (H 4 2m)
kely,

173

(zk + k) o
72”17"'727171H
p

uk ALy (T + yk) "
<sup Z ank My | Gk H T 7Zn—1H
n vy p1+ p2

ukA"m Tk Pr
< P1 sup 2 ankMk: Qe H#’Zl’”. azanH
pL+p2) n v P1

) ukA
+ P Z ank My | qr H 2L,
P1+ P2 n " el

and thus

T

m
g@+y) = alzi+y) inf{(ﬂﬁrﬁz)
=1

sup <
nzl \ " opcr,

> ankMy g

<H uk:A(m) Tk + Yr)

<1, for some p > 0 }

i +1nf{ )

L‘Q‘x-

up A" Pk H
sup Z ank My | Qi H O 7Zn—1H
nzl " kel, P1

<1, for some p; >O}

+) q(y:) + inf {(pz)%k :

i=1

ukA Pe\ 7
Sup( E apg My, [%(H (m) ¥ Y21, 7Zn1H>] )
n>1 " orel, P2

< 1, for some po >0}

<g(z) + g(y).

21,

i)

=)

1

L
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Finally, we prove that scalar multiplication is continuous. Let A be any com-

plex number by definition

m » up A7 (Azy)
g(Ar) =Y q(Ax;) + inf {(P)f? : sup < > ank My [% <H#,Zh
i=1

2L\ e, P
PE\
,zn_1H> ) <1, for some p >0 }

swzq@i)ﬂnf{(wwff:ig;1>< zankMk[qu\ ;>
i=1 = " kel,
=

1
P\ 7
) <1, forsomep>0},

where ¢t = ‘—§\|. Since |A|PF < max(1,|A|sup px). This completes the proof. [

Theorem 2.3. Let M = (My,) be a sequence of Orlicz functions, p = (px) be
a bounded sequence of strictly positive real numbers and u = (uy) be a sequence
of strictly positive real numbers. If (X, |.,...,.||) is n-Banach space, then the
spaces wy (M, A A(m),Q,u Dl ), w (/\/l A A(m),Q,u,p, I, -y ]l) and

wh, (M, A, A ,Q,u D, |-y -|l) are complete paranormed spaces, paranormed
deﬁned by g.

Proof. Suppose (z") is a Cauchy sequence in w2, (M, A, A ,Q,u Dl s,

where 2" = (27)%2, for all n € N. So that g(z' — 27) — O as i,j — 00. Sup—

pose € > 0 is given and let s and xy be such that % > 0 and zs > 0. Since

g(z" —27) — 0 as i,j — oo which means that there exists ng € N such that
g(z' —a7) < L, for all 4,j > no.

ST

This gives g(z% — xl) < = and

inf {(p)

p (L Seanfa(20 )]

" keln

T

<1, for some p >0 } <= (2.1)
ST
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It shows that (z}) is a Cauchy sequence in X. Therefore (z}) is convergent in
€
X because X is complete. Suppose hm :1:1 = x1 then hm g(xl — Il‘l) < —
SQU()
we get
; €
] —x) < —
g9(x 1) szo’

Now from (2.1), we have

(3 awsnfon (| )] ) 2

This implies that

T ()

" keln

1
=
=

\/

and thus

i i ST € €
HukA?m)xz _ukA?m)xi:’Zl’“ 1] < ( 5 )(%) -3

which shows that (ukA?m)xﬁg) is a Cauchy sequence in n-Banach space X for all
k € N. Therefore, (UkA?m)%) converges in X. Suppose leglo ukA?m)xfc = Yk
for all kK € N.

Also, we have lim A( )L 5 = y1 — x1. On repeating the same procedure,
1—00

we obtain lim Af, )xk 11 = Yk — x}, for all k& € N. Therefore, by continuity of

1—00
My, we get
AR ( i j) Pr\ &
g X, —x
lim sup Z At My | g H (m) 7k k ,zl,...,zn,lH <1.

J70nz1 \ An S P
Let i > ng and taking infimum of each p’s, we have

g(z' — ) <e
So (z' — x) € w) (M, A, Al @ u,p, |, ..s]l). Hence, x = 2 — (2! —x) €
wh (M, A, A?m ,Q,u,p, H oD, since w) (M, A, A?m),Q,u,p, I,y ]]) is a
linear space. Hence, w) (/\/l A, ALy, @ u,p, I|.,...,.]|) is a complete para-

normed space. Similarly, we can prove the spaces wy MM, A, A ,Q, U, P,
.-y |]) and w* (M, A, A?m),Q,u,p, I|., ..., .]|) are complete paranormed spaces.
O
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Theorem 2.4. Let M = (My,) be a sequence of Orlicz functions, p = (px) be

a bounded sequence of strictly positive real numbers and uw = (uy) be a sequence

of strictly positive real numbers. If sup[My(z)]P* < oo for all fixred x > 0, then
k

Wy (M, A, AL Qi py [y s [l) C Wl (M, A AL, Q|- o)

Proof. Let x = (z}) € w(’]\(M,A,A?m),Q,u,p,H.,...,.H), then there exists

positive number p; and 21, ..., z,—1 € X such that

ukA Pk
Z My | qr; H zl,...,zn,lu — 0asn — oo.

" ker,

Define p = 2p;. Since M}, is non-decreasing and convex so by using inequality
(1.3), we have

ukA?m)xk Pk
SUP)\ Zanksz qk Hi;zla---,znqu
p

kel,
upA? xp+ L — L Pk
S S (R s
p
kel
1 1 ukA?m)xk —L P
< Ks%p )\—n Z ﬁankMk [C]k <HT72’17 ~'~7zn—1H
kel
P
1 1 L
+KSlip . ZI: QEankMk [% <Haazla -'-7Zn—1H>]
up A" xp — L Pk
< KSUP— Z ank My | qr HL,Z@--,%AH
n el P1
P
+K N Z ank My, [% (H o Zn—1H>]
" kel,
< Q.
Hence, = = (x1,) € wl (M, A, A ,Q,u Dy ey ooy ]])- O

Theorem 2.5. Let 0 < infpp = h < pp < suppr = H < o0 and M =
(My), M" = (M) be two sequences of Orlicz functions satisfying Aq-condition,
then we have
(i) w())‘(./\/l,A, A?m), Q,uyp, ||y -|)
Cw)(Mo M, A, A?m), Q,u,py ||y s |)s
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(i1) WM, A, A7 Quup, [l ons )
C QUA(M OM/7A7 A?m)aQauapa H? cey H)’
(iii) wi (M, A, Al @ w0y [l )
wéo(M OM,,A, A?m)7Q7u7p7H'7'“7'H)’
Proof. Let = = (z1) € w)(M, A, Al @ u,p, Il., .- .]|), then we have

[ uk.A?m)xk. Pk
— Zanksz: qk Hi,zl,...,zn,lu — 0 asn — oo.
P

" kel,

Let € > 0 and choose § with 0 < § < 1 such that My(t) < e for 0 <t < 4. Let

’ up AT
Yk = ane M), | gk

1 1
— Z an My[y™ = > Mlyrl* + o > My

(m)*
p

,zl, e zn,lu for all £ € N. We can write

" kel, " k€ln,yp <6 " k€ln,yp>6
So we have
1 1
oW D aneMilye™ < [My(1)]" X > ankMily™ (2.2)
" keln,y<s k€I, yr<s

1
< [M(2))" X > ankMily™
keln,yr<d

For y, > 6,y < % < 1+ %. Since Mjs are non-decreasing and convex, it
follows that

s <01+ 2) < T+ (2).

Since M = (M) satisfies Ay-condition, we can write

L, Yk Yk
My (yr) < 2T?Mk@) + §T 5 M (2) = T?Mk@).
Hence,
1
o > Myl
" kel yp>0

< (1, (P2EE) ) L LD et 29
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From equation (2.2) and (2.3) we have @ = (z)) € wo(MoM', A\, Al . Q, u,p,
I|., -y .]])- This completes the proof of (7). Similarly, we can prove that wM(M,

ALAT Qs py s [l) C MMM AAT L Quup, s ey ) and wiy (M,
A Ay Qs Pyl s ) C w0 <MoM'AA” SR ) O

Theorem 2.6. Let 0 < h = infpy = pr < suppr = H < oo. Then for a

sequence of Orlicz functions M = (My) which satisfies Ay-condition, we have

() wo (A AT, Q. [l ) C (M. ALAL Q|

(i) w(A, A?m),Q,u,p,H.,.. AN cw (/\/l A A(m ,Q,u Dy ey eeey - ID;

(711) Woo (A, A?m),Q,u,p, ey ooy I]) € W (M, A, A" ,Q,u D, H o))
Proof. It is easy to prove so we omit the details. O

Theorem 2.7. Let 0 < h = infpy = pp < suppr = H < oo. Then for a

sequence of Orlicz functions M = (My) which satisfies Ay-condition, we have

(1) W (M. A, A Qs [) € (M, A, AT, Q-

(i) WM, A AL Q [l ooy ) Cw (M A, A 'y @ U, D, H - 1D;

(i) wis (M A" L ONTS p,H D) € wd (M, A, A oy @5 Us p,H -1D-
Proof. Here we prove the result for wy (M, A, A?m), Q,u,p,|.,...,.||) and for
other cases it will follow on applying similar arguments. Let z = (zy) €
wy (M, A, A?ﬂ:)l, Q,u,p, ||, -, .||). Then there exists p > 0 and 21, ..., 2,1 € X
such that

ukA?n:)lflfk Pk
ZankMk QK Hf,zl,"' ,zn,lu —0asn —oo. (24)

" kely

On considering 2p, by the convexity of Orlicz function we have

ﬁmml%(u%:%---7%-114)]

kel
ukA Lok
< Z ank My | Qi H ™, 7Zn—1H
" keln p
ukAnflxk_m
Z ank My | Qi HL,ZL“' 7Zn—1H :
" keln p

Hence, we have
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qk((|“'fA H)]

ukA(m):ck Pk
Z ank My | Qi H V2L 7Zn—1H
p
[ ( uk.A(m)xk. Pk
Z ane My | qr H 2L, 7Zn—1H :
" keln p

Then using (2.4), we get

LS [%(H“'“A .

" keln

ThUS, w()]\(MaA An laQau paH H) C wO(M A A ,Q,’U, b, ” ”) 0

£ an My

kel,

D
— 0asn — oo.

Theorem 2.8. Let 0 < py < s for all k and let ( &) be bounded. Then
WM, A AL, Q8 |y ) WML A AR, Qs ).

Proof. Let z = (z3) € w\(M, A, A?m),Q,u,s, Il -y -]]), write

4\\%(\)

anduk:i’—:forallkeN.Then0<,ukSlforallkEN.Take0<u§,uk
for k € N. Define sequences (vy) and (wy) as follows:

Sk

ty = anp My,

For t;, > 1, let v =t and wi = 0 and for ¢t < 1, let vy = 0 and wy, = t.
Then clearly for all k£ € N, we have

ty = v + wy, thF =v* +wpt

Now it follows that vfik < g <t and wi* < wy. Therefore,

il Z t“k - = Z _|_wltk

" kel, " kel,
< )\ E ik —I— E ’U)k.
kel " kel,

Now for each k,

v = Y G ()

" ker, keln
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< (S [ TS 1) ™)
EAn kel
(xey
" ker,
and so
iZ:t“k<—Z:tk+( > w)
" " kel,
Hence, = = () € wM(M, A, A?m),Q,u,p, IIl., .-, .||)- This completes the proof
of the theorem. O

Theorem 2.9. (1) If 0 < infpy < pp <1 for all k € N, then
wA(Mv‘AL A?m)ﬁQﬁuapau'a“'v'H) (M A, An Q,u -5 -s-1D)-

(ii) If 1 < px < suppr = H < o0, for all k € N, then

WM, A ALy Q[ oy []) € 0N (M A AT, Qs |y o)
Proof. (i) Let x = (z) € w’\(M,A,A?m),Q,u,p, I, -, -]]), then
ukA?m)xk —L Pk
— ZankMk Qi H—,zl,...,zn_lu — 0 asn — oo.
" kel, P

Since 0 < inf p < pg < 1. This implies that

up AL \TE — L
I ZankMk [%(H#,thznq“)]
kel P

ukA?m):ck—L Pk
ZankMk qx H—7Z17"~7zn—1H

" kel, P

Thus, = = (x3) € WM, A, AL T | e )

(17) Let pr, > 1 for each k and supy, pr < 0o. Let z = (23) € wM(M, A, Al
Q,u,|.,...,.||). Then for each 0 < € < 1 there exists a positive integer N and
21y ..y Zn—1 € X such that

ukA?m)xk —L
— ZankMk qQr H—,zl,...,zn_lH <e<1 foralln> N.
P
k In

This implies that
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up A" s — L Pk
Z ank M, %(H%,Zh---,znq“)]

" keln
1 UkA?m)xk — L
)\_ ZI Ape My, [q1€<"f7217'~72n1” .
Therefore, z = (z3) € w*(M, A, Al @ u,p, l|l.,--.;.]])- This completes the
proof. O

Theorem 2.10. If0 < infpg < pip <suppr = H < oo, for all k € N, then

WM, A, ALy @y, [y ) = WM, A AR, Qs || )
Proof. It is easy to prove so we omit the details. O
Theorem 2.11. The spaces wj (M, A, A ,Q,u ey eons 1), WM, A, A?m),
Q,u, ||y -y -|) and wd (M, A, A myr @ Us || ..||) are not monotone and as

such are not solid in general.
The proof follows from the following example.

Example 2.12. Let n =2, m = 3, pr. = 1 for all £ odd and p, = 2 for all
keven, up = 1, qp = |z|, \n = (1,2,...,n) for all n € N and My(x) = 22 for
all £ > 1 and for all z € [0,00). Consider the n-normed space as defined in
Example 1.1. Then A%g) = xp — 2x)_3 + xp_g for all kK € N. Consider the
J™ step space of a sequence space E defined as, for (z3), (yx) € EY implies
that yp = xp for all k odd and y, = 0 for k£ even. Consider z = k. Then
r € wMNM, A, A? ),Q,u |-, ,.]|) but its J canonical pre-image does not
belong to w (/\/l A, A ,Q,u I|l.,...,.]|). Hence, the space is not monotone

and as such are not sohd in general Similarly, for the other spaces.

Theorem 2.13. The spaces w) (M, A A?m),Q,u, Iy ooy D), WM, A AL
QU ||y .]]) and wl (M, A, Al Qi u, I, ... .|) are not symmetric in gen-
eral.

To show that the spaces are not symmetric in general, consider the follow-

ing example.

Example 2.14. Let n = 2, m = 2, p = 2 for all k£ odd and pp = 3 for
all k even, up = 1, qp = |z|, A\p = (1,2,...,n) for all n € N and My(z) = 22



182 K. RAJ AND C. SHARMA

for all £ > 1 and for all x € [0,00). Consider the n-normed space as defined
in Example 1.1. Then A%Z) = xp — 2xp_9 + xp_4 for all & € N. Consider
the sequences x = (zy) defined as z = k for k odd and z; = 0 for k even.
Then A%Q) = 0, for all k € N. Hence, (z3) € w(M, A, A%Q),Q,u,p, Iy ees ]

Consider the rearranged sequence, (yi) of (zj) defined as
(yx) = (x1, 3, T2, T4, T5, T7, T6, T8, Tg, 11, 210,212, ...).

Then (yk) ¢ wA(MuAu A%Q)uQauupu ||77||) HenC67 U))\(M7A7 A%2)7Q7u7p)

I|., -, .]]) is not symmetric in general. Similarly, we can prove for others spaces.

Theorem 2.15. The following spaces are not sequence algebras in general:

w()\(M,A,A?m),Q,u,p,H.,...,.H), w’\(/\/l,A,A?m),Q,u,p,||.,...,.||) and
wOO(M7A7 A?m)’Q’ u7p7 H""'7 'H)'

The proof follows from the following example.

Example 2.16. Let n = 2, m = 1, pp = 3 for all k, up = 1, ¢ = ||,
A = (1,2,...,n) for all n € N and My(z) = 27 for k € N and for all z €
[0,00). Consider the n-normed space as defined in Example 1.1. Then A%l) =
xp — 2xp_1 + xp—o for all k € N. Let (z;) = (k) and (yx) = (k) defined as
xr = k for k odd and z; = 0 for k£ even. Then A%l) = 0, for all £ € N.
Then z,y € w)(M, A, A(21),Q,u, .y ..ey . |]) but & wh(M, A, A%l),Q,u, | )]
and w), (M, A, A%l),Q,u, |-,y -]l). Hence, the space w} (M, A, A%l),Q,u,p,

I|., ..., .]|) is not sequence algebras in general.

3. STATISTICAL CONVERGENCE

The notion of statistical convergence was introduced by Fast [7] and Schoen-
berg [27] independently. Over the years and under different names, statistical
convergence has been discussed in the theory of Fourier analysis, ergodic the-
ory and number theory. Later on, it was further investigated from the sequence
space point of view and linked with summability theory by Fridy [8], Connor
[2], Mursaleen et al. [21] and many others. In recent years, generalizations of
statistical convergence have appeared in the study of strong integral summa-

bility and the structure of ideals of bounded continuous functions on locally
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compact spaces. Statistical convergence and its generalizations are also con-
nected with subsets of the Stone-Cech compactification of natural numbers.
Moreover, statistical convergence is closely related to the concept of conver-
gence in probability. The notion depends on the density of subsets of the set
N of natural numbers.

A subset E of N is said to have the natural density 6(FE) if the following

limit exists:
) = lim o Z xe(k

where x g is the characteristic function of E. Tt is clear that any finite subset
of N has zero natural density and §(E¢) =1 — 0(E).

In this section we introduce A?m)()\, Ug, ||, .., .||)-statistical convergent se-
quences and give some relations between A?m)()\ Ug, ||, .., .|| )-statistical con-
vergent sequences and w(M, A, A ,Q,u D, ||, ..., -||)-summable sequences. A
sequence z = (x) is said to be A?m)(A, Ug, |5 o .H)—statistically convergent to
L, if for every e >0, d > 0 and z1, -+ , 2,1 € X,

1 n
lim — {k‘ el :an (quukA(m)xk —L,z,--- ,Zn_1H) > 6} =0.
n
In this case we write z,, — L(S,\ (A?m),uq, Il ... ||)) The set of all AT, )()\ U,
|, ..., .||)-statistically convergent sequences is denoted by Sy (A” (m)» Ug> s l) -

Theorem 3.1. Let M = (M) be a sequence of Orlicz functions and 0 <

infpk =h < pg < Sl]ippk = H < oo. Then w(Mv)‘a A?m)aQauapv ”77”) -
S/\(A( ) UquH ||)
Proof. Suppose z = () € w*( M, A, A?m),Q,u,p, II.,...,.]|). Take € > 0 and
€ = %. Then for each z1, -, 2,1 € X, we obtain
ukA" T — L Pk
. Z Ak My, |f]k <HL721, ---,Zn—1H>
p
kel
1 up A7 Tp — L b
= > ank My [%(H%,le“ 7Zn—1“>]
kel [T |2
1 up A7 Tr — L P
+>\_ Z ankMk l%(H%aZlf“ azn—l“>]
kEIn&HLkL z1 ~~~,z,,_1||<e
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1 up A7 T — L P
S S A
n KAL) TR L p
e
1 1
25 > [Mi(er)] 2 5 Z min([ Mg (e1)]", [My.(e1)])
keI,
1 . h H
> {ke[ ank(quukA(m L.z, ,zn_lH) > eHmm([Mk(el)]  [My(e)]H).
Hence, x € S)\(A?m),uq, | H) O
Theorem 3.2. Let M = (M) be a bounded sequence of Orlicz functions
and 0 < infpk =h<p < Sl]ippk = H < oo. Then S)\(A?m),uq, H,,H) C
w(M, A A(m),Q,u,p,H.,...,.H).

Proof. Suppose that M = (M},) is bounded. Then there exists an integer K
such that Mj(t) < K, for all ¢ > 0. Take € > 0 and €; = 5. Then

UkA?m)xk —L P
S PR A (LE ST
An kel, ' P !
1 upA? xp — L Pr
= Z ank M, lq<H—k ( )p : ATERE %-1“)]
n n T —
kEIn&Hwyzh'“,Zn—lHZE
1 uk Al ok = L b
3 Z ank M, lq<H%zl Zn—lH)]
" YES (m) Tk L p
kEIn&Hf,zl,---,zn71||<e
1 K\h fK\H 1
3 2 mas{(5)75(5) 45 X vt
" hen| A L e peonr " e,

1
§maX(Th,TH))\—Hk el,: ank(HukA?m)xk — Lz, ,zn,lu) > e}
3

+ max([Mj(e1)]", [My(e1)]*), where T = 5

P
Hence, z € w (M A A(m)aQauvpv ”7 7”) =
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